T his paper studies echelon stock (R, nQ) policies in serial production/inventory systems with stochastic demand. We provide a recursive procedure to compute the steady state echelon inventory levels of the systems, which can be used to evaluate the long-run average holding and backorder costs as well as other performance measures. The procedure is based upon an observation of a relationship between the inventory status of adjacent stages in a serial system. We also derive exact formulas for replenishment frequencies and setup costs. Our results apply to both continuous-review systems with compound Poisson demand and periodicreview systems with independent, identically distributed demands. A preliminary numerical study was conducted to explore the cost effectiveness of echelon stock (R, n Q) policies. For two-stage systems with simple Poisson demand, we compared among the minimum costs of echelon stock (R, n Q) policies, a lower bound on the minimum achievable costs, and the minimum costs of installation stock (R, n Q) policies. Finally, we present a modification of an existing approximate evaluation procedure.
Introduction
Consider a multi-stage, serial, production /inventory system where each stage represents an inventory stocking point. An inventory transfer between adjacent stages, which represents a production operation or a stock transition, takes a positive leadtime and incurs a setup cost. Customer demand arises only at the lowest stage and is stochastic. Demand that cannot be satisfied immediately is fully backlogged. The system data are stationary and the planning horizon is infinite.
Optimal control of the above system (under a standard cost structure of linear holding and backorder costs in addition to the setup costs) is difficult (Clark and Scarf 1962). Instead of attempting to characterize an optimal policy for the above system, we study in this paper a class of practical control policies which will be referred to as echelon stock (R, n Q) policies. A stage's echelon stock (Clark and Scarf 1960) is equal to its outstanding orders + its on-hand stock + inventories at or in transit to all its downstream stages -customer backorders. Under an echelon stock (R, n Q) policy, each stage replenishes its stock according to a stagespecific echelon stock (R, n Q) policy: when its echelon stock y falls to or below its reorder point R, an order of n Q units is placed where Q is the stage's base order quantity and n is a minimum integer with y + nQ > R. Note that (R, n Q) policies are a model of the widely used reorder-point, order-quantity policies in practice. For continuous-review systems where each customer demands a single unit, (R, n Q) policies reduce to the better known special case of (R, Q) policies, under which the base order quantity becomes the order quantity. The main objective of this paper is to evaluate the performance of echelon stock (R, n Q) policies in serial systems.
We derive exact steady state characteristics for periodic-review systems with independent, identically distributed demands and continuous-review systems with compound Poisson demand. These characteristics can be used to compute system performance measures such as average on-hand inventories at all stages, average inventories in transit, and the average customer backorders. These results are based on an observation of a simple relationship between the inventory status at adjacent stages in a system.
We also derive replenishment, or physical inventory transfer, frequencies. In the inventory theory literature, a replenishment is rarely distinguished from an order placement; the setup cost, which is incurred for various activities associated with the order-replenishment, is typically charged to the order. These activities may include processing transactions, setting up machines, or sending trucks. Such modeling is adequate for singlestage systems where the supplier has ample stock (thus every order triggers a replenishment). It is no longer so for multi-stage systems where a supplier stage may be out of stock and each order does not necessarily trigger a replenishment. In this paper, we distinguish between ordering and replenishment frequencies.
The above performance measures can be used to select echelon stock (R, n Q) policies that minimize longrun average costs. Chen and Zheng (1992b) have developed an optimization algorithm for two-stage systems with simple Poisson demand. This algorithm is used in this paper to conduct a preliminary numerical study to explore the cost effectiveness of echelon stock (R, n Q) policies. For two-stage systems, the study compares the minimum costs of echelon stock (R, n Q) policies with a lower bound on the minimum achievable costs (by any policy). The difference is small. Closely related to this paper are two recent publications. One is De Bodt and Graves (1985) who study echelon stock (R, Q) policies in serial systems. To our knowledge, they are the first to study simple and easily implementable echelon stock policies in multi-stage inventory systems with setup costs at all stages. They provide approximate performance measures under a 'nestedness' assumption: whenever a stage receives a shipment, a batch must be immediately sent down to its downstream stage. For systems with simple Poisson demand, our results serve as a benchmark for their approximation. In this paper, we present a modification of their approximation procedure with a numerical test.
Another is Badinelli (1992) who studies installation stock (R, Q) policies in serial systems with simple Poisson demand. (An installation stock (R, n Q) policy works in exactly the same way as an echelon stock (R, n Q) policy except that for the former a stage's reorder point is referred to its installation stock: inventory on hand and on order minus backlogged orders from its downstream stage. An installation stock (R, n Q) policy also reduces to an installation stock (R, Q) policy when demand is simple Poisson.) Under the assumption that the installation stock at each stage is nonnegative, he provides exact long-run average holding and backorder costs. As shown by Axsater and Rosling (1993) for serial systems, installation stock policies are merely a special case of echelon stock policies. Therefore, the systems considered in this paper are more general than Badinelli's. Yet, our results are simpler.
Installation stock (R, Q) policies have been more extensively studied in the context of one-warehouse multiretailer systems (Deuermeyer and Schwarz 1981, Moinzadeh and Lee 1986, Lee and Moinzadeh 1987a, b, Svoronos and Zipkin 1988 , and Axsater 1991 , 1993 . One major reason why installation stock policies have received much attention is perhaps their modest informational requirement: installation stock is local stock information, whereas echelon stock requires a certain degree of information centralization. But this advantage is diminishing. Due to advanced information technologies, e.g., Electronic Data Interchange (EDI), centralized stock information is now readily available in many companies. In other words, the technologies for implementing echelon stock policies are in place. But how much improvement can we expect from using centralized stock information? In this paper, we attempt to answer this question by conducting a numerical comparison between echelon and installation stock (R, n Q) policies.
An important special case of the serial systems considered here is one where there are no setup costs at all but the highest stage. For such a system optimal policies are known. The same is true for assembly systems without setup costs. These results are established by Clark and Scarf (1960), Federgruen and Zipkin (1984) , Schmidt and Nahmias (1985) , and Rosling (1989) for periodic-review systems, and recently extended by Chen and Zheng (1992a) to continuous-review systems. The echelon stock (R, n Q) policies studied in this paper are a generalization of these optimal policies to accommodate setup costs.
The rest of the paper is organized into three sections. Section 2 establishes an exact evaluation procedure for periodic-review systems. Section 3 extends the procedure to continuous-review systems, reports a numerical study, and provides a modification of De Bodt and Graves's approximation. Section 4 concludes the paper.
Periodic-review Systems
In this section, we derive performance measures for echelon stock (R, n Q) policies in periodic-review, serial systems with independent, identically distributed demands. We first introduce notation and assumptions. Then we make a key observation which is used to derive long-run average holding and backorder costs. Finally, we derive replenishment frequencies. 
Preliminaries

Continuous-Review Systems
In this section, we assume that the demand is compound Poisson and the echelon stock (R, n Q) policy is implemented with continuous review. We first extend the results in the previous section to the continuous-review system, and then present a numerical study and an approximation. When demand is simple Poisson, the replenishment frequencies and the setup costs can be computed easily through a recursive procedure (see Appendix).
Performance Measures Most of the notation introduced previously can be used for the continuous-review system under the following convention: ordering, shipping and receiving activities occur before demand at any time epoch; the order triggered by a demand at time t is placed at time t + (immediately after time t). But we must modify the definition of leadtimes and aggregate demands. Here, Li can be any nonnegative real value, D[t, t'] is the total demand in the time interval [t, t'], and D[T] is the total demand over a closed interval of length T. Similarly, D [ t, t'), D (t, t'), D [ T) and D (T) should
Numerical Examples
We present a set of numerical examples to illustrate the cost effectiveness of echelon stock (R, n Q) policies. We only consider two-stage systems with simple Poisson demand, for which an exact optimization algorithm has been developed (Chen and Zheng 1992b). For each example, we identified 1) an optimal echelon stock (R, n Q) policy, 2) an optimal installation stock (R, n Q) policy, and 3) a lower bound on the minimum achievable cost (by any policy). The examples suggest that optimal echelon stock (R, n Q) policies are close to the true optimal. When K2 > Kl, they are within one percent of the lower bound. The gap is larger for cases with K2 < Kl. The largest gap is 4.5%. The difference in minimum costs between installation and echelon stock policies is small, indicating that the value of centralized stock information is insignificant for these examples. It is interesting to note that the ratio of Q2 to Ql of the optimal echelon stock (R, n Q) policies is very close to f 'K / h2 1 max Klh which is the optimal ratio suggested for closely related deterministic systems (Roundy 1985) .
An Approximation
In this section, we develop an approximation for holding and backorder costs of echelon stock (R, Q) policies, which is based on the idea of De Bodt and Graves (1985) .
For easy presentation, first consider a two-stage, continuous-review system with simple Poisson demand. De Bodt and Graves's approximation is based on a Inestedness' assumption: whenever stage 2 receives a batch, it immediately ships a sub-batch to stage 1. Let Q2 = nQ1. Then an incoming batch at stage 2 consists of n sub-batches each of size Ql. The sub-batch that is sent down immediately is called a joint replenishment (JR), whereas the remaining n -1 sub-batches are called normal replenishments (NRs). This assumption is violated when the leadtime demand of stage 2 is smaller than R2 -or larger than R2-R + Q1. Therefore, the assumption itself is an approximation. Based on this assumption, they further approximate holding and Since one out of n batches received at stage 1 is a JR and the rest are NRs, the average holding and backorder costs at stage 1 are a weighted average of (6) and ( The same logic can be used to derive approximate formulas for E(1l) and E(B). Evaluiatinig Echeloni Stock (R, nQ) Policies We next use our exact measures to assess the accuracy of the above approximation, i.e. the nestedness requirement. We used the numerical examples and the optimal echelon stock (R, Q) policies in Table 1 . Both the exact and the approximate expected on-hand inventories and backorders at stage 1 are reported in Table 2 , where Ee(I) and E'(B) are exact and Ea(I) and E'(B) are approximate. From the table, we see that the above approximation is very good for most of the examples. Notice that the approximation consistently overestimates the on-hand inventories and underestimates the backorders. We expect to see the accuracy of the approximation to deteriorate as R2 deviates from the optimal: if R2 is increased, the JR is more likely to pause at stage 2; while if R2 is decreased, the number of NR's is more likely to be less than (n -1).
We The numbers of other types of JRs can be similarly identified. 
Conclusion
This paper has developed a procedure for exact performance evaluation of echelon stock (R, n Q) policies in serial systems with stochastic demand. The procedure applies to both continuous-review systems with compound Poisson demand and periodic-review systems with independent, identically distributed demands. A preliminary numerical study suggests that echelon stock (R, n Q) policies are close to optimal. Some generalizations are possible. When demands form a renewal process, an exact evaluation procedure can still be established. This extension is conceptually simple, but algebraically tedious. We refer interested readers to Chen and Zheng (1991) for a treatment of renewal demand. Throughout the paper, we have assumed constant in- Table 3 Numbers of NRs and JRs 
